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Symmetrical properties of soccerane and its derivatives are discussed in the light of subduction of coset

representations (CRs).
In(/ Cy).
controlled by the subduction.

The 60 vertices of soccerane are equivalent and construct a single orbit governed by the CR,
This orbit is divided into several orbits in the respective derivative, where the mode of the division is
The number of derivatives with a given formula and a given subsymmetry is

calculated in terms of unit subduced cycle indices, which are derived from the subduction.

Hydrocarbons of high symmetries and related
compounds have attracted continuous attention of
organic chemists because of their potential properties.!
Among them, a fully unsaturated Cso compound of I
symmetry has once been mentioned by Osawa? as a
theoretically interesting compound. The correspond-
ing saturated CgsoHgo-hydrocarbon (1) has been called
“footballane” or “soccerane” by Castells and Serratosa.?
They pointed out: “Since the synthesis of dodecahedrane
has been recently accomplished by Paquette and his co-
workers at Ohio State University, the synthesis of
soccerane appears as the next goal”. They later gave
this complex hydrocarbon the ITUPAC name* 1i. e.,

hentriacontacyclo[29.29.0.0%14.0329.0427.0513,06:25.07.12.-
08,23_09,21'010, 18_01 1, 16.015,60_017,58‘019,56.020,54_022,52‘024,50_026,49'_

()28,47'030,45_032,44.033,59.034,57.035,43-036,55_037,42‘038,53.039,51‘040,48__
0*14¢Thexacontane.

Recently, a Cgo peak has been observed in a laser
vaporization of graphite by Kroto et al.,>® where the peak
was assigned to formation of the above I, molecule (a Cgo
carbon cluster).®) This paper has stimulated a large
number of theoretical studies on this carbon cluster.”
Other compounds of I, symmetry (Fig. 1) have also
attracted theoretical attention of chemists.®) A brief
review has summarized predicted properties of these
related compounds.” Geometrical properties of
soccerane and other Iy-molecules have been discussed.!?
Since soccerane has been so far detected only by
physicochemical analysis, total syntheses of such high-
symmetry molecules are challenging targets from the
viewpoint of synthetic organic chemistry.

Since the I, symmetry contains various unusual
subsymmetries, derivatization of soccerane (CsoHso) by
substituting an appropriate set of atoms for the same
number of hydrogen atoms produces molecules of the
subsymmetries, which will be further targets of synthetic
organic chemistry. In this connection, the number of
derivatives of a given subsymmetry of this series will be of
interest to organic chemists. Hosoya!® has enumerated
such soccerane derivatives by using Pdlya’s theorem.!?
This enumeration is, however, concerned with their
molecular formulas and not with their symmetries.

We have reported a systematic enumeration of
molecules in terms of unit subduced cycle indices

(USClIs).'»13  This method requires a table of marks (or
the inverse) due to Burnside'¥) and a table of USCIs
introduced by us.!? We have presented such tables for
Cz, sz, C3v, Dz, Dzd, DZh, D3, D3h, T, and Td as well as
their applications to various enumerations.!’® We have
recently reported construction of such tables for the I
group and applications to enumeration of dodecahe-
drane derivatives.!® However, the advantage of the
USCI approach for enumeration has not been fully
investigated, inasmuch as the enumerations have been
limited within rather simple molecules. The present
paper deals with the enumeration of isomers derived
from soccerane in order to exemplify the advantage and
generality of the USCI approach.

1. Orbits in I, Molecules. Figure 1 collects the
soccerane skeleton and the related ones of I, symmetry.
We first examine the symmetrical properties of the
skeletons. Any skeleton has several sets of equivalent
positions (vertices, edges or faces). These sets are called
orbits in accord with the terminology of permutation
group. The symmetry properties of each orbit is
characterized by the corresponding coset representaion
(CR).1718®  The CR is represented by the symbol G(/ G;)
that is based on a coset decomposition of G by G;, where
G is the point group of the skeleton and G:is its subgroup.

Since the I, group of order 120 posesses a set of
Sllng'OllpS, SSG:{Cl, C2, Cs, Ci, C3, Dz, sz, Czh, Cs, D3,

DO
o o

Fig. 1. Skeletons of I symmetry.
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Table 1. Orbits of Several Compounds of Iy Symmetry
Compound Objects No. of objects Coset representation SCR notation

1 Vertices [5.6.6] 60 Iw(/Cs) In[/ Cs([5.6.6]60)]
Edges [6:6] 60 1u(/ Cy)
Edges [5:6] 30 In(/C2)
Hexagonal faces 20 In(/Cs)
Pentagonal faces 12 In(/Csv)

2 Vertices [3.10.10] 60 In(/Cy) T[/ Cs([3.10.10760)]
Edges [3:10] 60 In(/Cs)
Edges [10:10] 30 In(/ Cav)
Trigonal faces 20 In(/ Csv)
Decagonal faces 12 In(/Csv)

3 Vertices [4.6.10] 120 In(/Cy) I[/ C3v([4.6.10]120)]
Edges [4:6] 60 In(/Cs)
Edges [4:10] 60 In(/ Cs)
Edges [10:10] 60 In(/Cy)
Tetragonal faces 30 In(/ Cov)
Hexagonal faces 20 In(/ Csv)
Decagonal faces 12 In(/Csv)

4 Vertices [5.6.6] 60 In(/Cs) Iu[ / Cs([5.6.6160);
Vertices [6.6.6] 20 Iw(/ Csv) ] C3y([6.6.6120)]
Edges [6:6] 60 In(/Cs)
Edges [5:6] 60 In(/Cy)
Hexagonal faces 30 L(/Caw)
Pentagonal faces 12 In(/Csv)

5 Vertices [5.5.5] 20 In(/Cw) Iu[/ C3v([5.5.5120)]
Edges [5:5] 30 In(/Ca)
Pentagonal faces 12 In(/ Csy)

6 Vertices [3.3.3.3.3.] 12 In(/Csv) Ii[/Csv([3.3.3.3.3]12)]
Edges [3:3] 30 In(/ Cav)
Triginal faces 20 In(/Cs)

Csy, Csi, Doy, Ds, Csy, Csi, T, Dsg, Dsg, Ty, I, I}, the
corresponding set of CRs is designated to be SCR={I;-
(/ C1), In(/ C2), In(/ C), In(/ C), Ta(/ Cs), In(/ D2), Tu(/ Cav),
L(/ Can), Tn(/ Cs), In(/ D3), In(/ Cav), In(/ C3), In(/ Dan), In-
(/Ds), In(/ Cs), In(/ Csi), In(/ T), In(/ D3a), In(/ Dsa), In(/ Tw),
L(/D), In(/In)}.

Table 1 lists orbits of each skeleton shown in Fig. 1.
We have reported a method of assigning a CR to each
orbit!”1®) as well as data necessary to this task.'®) For
simplicity’s sake, we consider the soccerane skeleton to be
a truncated icosahedron, which has 60 vertices, 90 edges,
and 32 faces. In order to illustrate a procedure of the
assignment, we examine the 60 vertices of 1, which are
equivalent and construct a single orbit. We first count
fixed points (vertices) for each subgroup during all of the
operations contained in the subgroup, affording a fixed-
point vector (FPV). We thus obtain an FPV=(60040
000000000000000000) for the vertices. This
vector is multiplied by the inverse of a mark table for I
group (Table 2). The resulting vector (0010000000
00000000000 0) shows the multiplicities of the
subgroups listed in the SSG; in this case, there appears
only one Iy(/ C;) orbit. If the symbol Pjuerex) denotes a
permutation representation concerning the 60 vertices,

we have
Pl(vertex) = Ih(/Cs)- (1)

Note that the size of the orbit is equal to |Ii|/|Cs|=
120/2=60. Since a 5-membered ring and two 6-
membered rings meet at each vertex, we refer to this
vertex as a [5.6.6] vertex. Thereby, we can obtain the
SCR notation,'” I/ Cy([5.6.6]¢0)] for this skeleton,
where the CR and its members are indicated.

There are two kinds of edges in 1, which construct
distinct orbits. With respect to these edges, we have an
FPV=(90280002000000000000000). This
vector is multiplied by the inverse (Table 2), producing a
row vector,(0010001000000000000000). This
corresponds to the following equation,

Pieagy = In(/ C5) + In(/ Ca), @)

in which the symbol Pj.qe denotes a permutation
representation of the 90 edges. Note that the degree of
Ii(/ Cs) is equal to |Iu|/|Cs|=120/2=60 and that of I;-
(/Cy) is equal to |LIi|/|Cy|=120/4=30. If the symbol
[6:6] denotes an edge at which two 6-membered rings
fuse; Eq. 2 concludes that the sixty [6:6]edges in 1
construct an orbit that is subject to In(/C;). Similarly,



November, 1991] Soccerane Derivatives of Given Symmetries 3217
Table 2. The Inverse of the Mark Table of In Group
Coset representation®
Ci C G G C; D; Cuw Cn C D3 Civ C3i Din Ds Csv C; T Dig Dsa Ty 1 I, Sum?
¢ - 0 0 0 0 0 0 O 0O 0 0 0 0O O 0 0 O O 0 0 0 0 4pf
¢ —+ + 0 0 0 0 0 0O 0o 0 0 0O O 0 o0 O O O o O o0 0 <+
¢GG -+ 0 - 0o 0 0o 0 0 o0 o0 0 o0 0 0 O 0O O O O O 0 0 ¥
G- 0 0 L 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 55
¢GG——-~ 0 0 0 £ 0o 0 o0 o o 0 o0 0 0O 0O 0O O O O O 0O 0 ¢
D. -+ 0 0 0 + 0 0 0 o0 0 o0 0 0 0 0 0O O O O 0O 0 0
¢y + ~—+-% 0 0 0 + 0 0 0 0 0 0 0 0 0O 0 O O o0 0 0 0
Cn + —+—-%+-+- 0 0 0 & 0o o o o o0 0 0o 0O O O O O O 0 O
CG—% 0 0 0 0 0 0 0 4+ 0 0 0 0 0 0 0 0 0 0 0 0 0 -
D, -+ -+ 90 0-+ 0o 0 0 0 £ o o o0 o0 o0 o0 o0 0 O 0 0 0 O
¢Cvw -+ 0-% 0-+ 0o 0 0o o o L+ o o0 o o o o 0 O 0O O 0 O
¢ - 0 0—-+-2 0 0o o o o0 o0 & 0o o o0 o0 o o o o0 O o0 <L
Dhn—~+ + + + 0-%+—-3+-%+ 0 0 0 0 £ 0 0 0 O O O O 0 0 0
D -+ 0 0 0 0 0 00—+ 90 0 o0 o + 0 0o o0 o o0 0 0 0 O
Cs« + 0-3%- 0 0 0 0 0—-2 0 0 0 0 0O % 0o o0 o 0O O O 0 O
CGi - 0 0—% 0 0 0 0-—-- 0 0 0 0 0 O + 0 O 0 O0 0 0 <+
T + o0 0 0-+-+r 0o 0o 0o o o0 o 0 o0 0 0 % 0o o0 o0 O 0 O
Du—+ + &+ &+ &+ 0 0-1 0-%+—-%-% 0 0 0 0 0 1 O 0O O O O
Da—%+ &+ &+ &+ 0 0o 0-1 L 0o 0 0 0~-+~-2+-1 0 0o 1 o0 0 0 O
™wm -+ o o &+ &+ L 0 0 0 0o 0~1 -+ 0 0 0-% 0 o0 1 0 0 0
I -+ 1 0 0 %+ 0 0 0 00—+ 0 0 0-+ 0 0-%+ 0 0 0 &+ 0 O
L + -1 0-1-+ 0 0 2 0 + 0 1 0 + 0 0 4 -1 -1 =1 =% 1 0

a) The symbol G; is an abbreviation of In(/G;), where G;=C;, G;=C,, ---, Gs=In. For example, we here use C, for

In(/C2). b) SumZngﬁﬁ.

thirty [5: 6]edges are subject to In(/ Ca).

The 32 faces of the molecule (1) give an FPV=
32080200020200020000000). The
multiplication of the FPV by the inverse (Table 2) affords
arow vector (0000000000100010000000), which
indicates the appearence of Ii(/Cs) and In(/Csy).
Hence, the 32 faces are characterized by

Piace) = In(/ Csv) + In(/ Csv). 3)
Since |Is|/|C3]|=120/6=20 and |I,|/|Cs,|=120/10=12,
Eq. 3 means that 20 hexagonal faces belong to an orbit
governed by I(/Cs.); and that the remaining 12 pen-
tagonal faces construct an orbit governed by Ii(/ Csy).

In a similar way, the orbits of the other skeletons are
assigned to the respective CRs (Table 1). It should be
noted that another Ceo icosahedral skeleton (2) has equal
numbers of vertices, edges, and faces as compared with 1
and that these are subject to the same CRs. The latter
skeleton (2) can be differentiated from 1 by the SCR
notation, I[/ C,([3.10.10]s0)].

2. Subduction of the Is(/C;) Orbit. The replacement
of hydrogen atoms of 1 by other atoms produces a

derivative of 1 that belongs to a subsymmetry of I.
Such a desymmetrization process is characterized in
terms of subduction of the corresponding CR.!®) For
manipulating the soccerane skeleton (1), the In(/ C;) CR is
subduced into every subgroup. In order to illustrate
such a subduction, let us examine I(/Cs)!Cyy, which
denotes the subduction of the I,(/ Cs) representation into
the Cy group. The Iy(/ Cs) row of a mark table is equal
to the row vector, FPV=(600400000000000000
0000 0), the elements of which are aligned in the order
of the SSG.? Since the SSG of the C, group is
represented by SSG’={C;, Cz, C,, C’s, C»}, we can obtain
a row vector (60 0 4 4 0) by selecting from the FPV the
values corresponding to the SSG”.  Note that the value 4
for the C, subgroup of the I is duplicated to afford the
value 4 for the C’s of the C. This vector for the Cyy
group is multiplied by the inverse of a mark table for the
C,y, group, i. e,

1/4 0 0 00

—1/4 1/2 0 0 0
(600440)|—1/4 0 1/2 0 0 |=(130220), (4

—1/4 0 0 1/20

1/2 —1/2 —1/2 =12 1
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Table 3. Subduction of the In(/Cs) Orbit

G, In(/Cs) | G USCI-CF USsCI Sum?
C 60C1(/C)) »§° 530 1/120
C, 30C2(/Cy) b’ 5° 1/8
Cs 28Cs(/ C1)+H4Cs(/ Cs) aic® sis3t 1/8
Ci 30Ci(/Cy) 3° 5 1/120
C; 20C;3(/Cy) b3 53 1/6
D, 15D5(/Cy) by 58 0

C 13Cav(/ C1)+2Cov(/ Cs)+2Cau(/ C9) acr’ s3sy’ 0

Con 14Cn(/ C1)+2Con(/ Cs) deit s3sit 0

Cs 12Cs5(/Cy) b¥ 55 1/5
D; 10D5(/Cy) b 58 0

Cav 8Csv(/ C1)+4Csu(/ Cs) asct Sist 0

Csi 10C35(/Cy) cf 560 1/6
Don 6D:1(/ C)+Dan(/ Cs)+Don(/ C)+Dan(/ C2) aich sast 0

Ds 6Ds(/C) b s%o 0

Csv 4Cs(/ C1)+4Cs(/ Cs) dicto ststo 0

Cs; 6Csi(/Cy) cto 550 1/5

T 5T(/Cy) b, 512 0

Diq 4Ds4(/ C1)+2Dsa(/ Cs) aicty sist 0

Dsa 2Ds4(/ C1)+2Dsa(/ Cs) atoch stos3o 0

Th 2Tx(/ C1)+Tu(/ Cs) 12634 $12854 0

1 I( / C1) beo 860 0

In In(/ Cs) dso S60 0

a) The sum is obtained by summing up each row of the inverse (Table 2).

where the second 5X5 matrix is the inverse. The
resulting vector indicates the multiplicity of each CR.
Hence, we have

L(/ CH Coy = 13Co(/ C)F2Co(/ C)F2Co(/ C3). &)

Other subductions are precalculated in a similar way and
collected in the second column of Table 3.

According to the subductions, we obtain unit sub-
duced cycle indices (USClIs)'» and USCIs with chirality
fittingness (USCI-CFs).22  Inthe Cy, group, we assign a
variable s (or ¢s) to Co(/ C1), 52 (01 @2) to Ca(/ Cs), and s2
(or az) to Cx(/ Cy), where the subscripts come from the
equations, | Cy|/|Ci|=4, |Ca]/ | Cs|=2, and | Coy}/ | Ci|=2.
The variable (c4) is based on the chirality fittingness of the
C(/ C1) (enantiospheric);'® the variable (a2) stems from
that of Coy(/ C;) or Co(/ Ci), which is homospheric. Asa
result, we have a USCI (s5s%%) and a USCI-CF (a5¢®) in
terms of Eq. 5. The other USCIs and USCI-CFs for the
In(/ Cs) CR listed in Table 3 are obtained in a similar way.

The above procedure of generating subduced repre-
sentations is purely algebraic; however, the resulting
coset representations of each subgroup have geometrical
(or chemical) meaning. In order to convert the skeleton
to a Cy-molecule, for example, we start from Eq. 5.
This equation indicates that there emerge thirteen 4-
membered orbits (Co(/C1)), two 2-membered orbits
(Cx(/ Cy)) and two of other 2-membered orbits (Cax(/ C7)).
If these orbits are occupied by different kinds of atoms,

we have a C,, molecule (7) with the following packing,

X2Y2  ZoW, HsBs 6)

2kinds 2kinds 13 kinds

The first block of this equation corresponds to the 2-
membered orbits of Cp(/Cs), where ®=X and O=Y.
These vertices are fixed during a reflection concerning the
mirror plane that contains @’s and O%. The second
block of Eq. 6 is concerned with the 2-membered orbits of
Co(/ C9), where A=Z7Z and A=W. These vertices are
contained in the mirror plane associated with the C{
group. The third block of Eq. 6 indicates a mode of
packing in the remaining 13 orbits, some of which are, for
example, differentiated by distinct marks. Although
there exist C,y molecules (8—10) having the formula
(CsoHs6X2Y2), their orbits are also controlled by Eq. 5.
In other words, the 56 hydrogen atoms are classified into
15 equivalence classes (orbits).

Figure 2 depicts a representative molecule for every
subgroup of I, where @ and O denote X and Y; and
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unmarked vertices take hydrogen atoms. The orbits of
each of the molecules are subject to the subduction listed
in Table 1.

Since any derivation based on the soccerane skeleton
(1) is regarded as a desymmetrization of the skeleton, the
derivation can be determined systematically in terms of a
desymmetrization lattice!® for the In(/ Cs) (Fig. 3). This
figure depicts a group-subgroup lattice for the I group
which accompanies the results of subduction listed in
Table 3.

The absence of a molecule of a subgroup is determined
by examining its supergroups: if one of the supergroups
has the same USCI as that of the subgroup at issue, the
molecule does not exist. This determination can also be
accomplished by using the subduction datain Fig. 3. In
the present case, the CR I(/C:) corresponds to a 60-
membered orbit, whose size is equal to that of an In(/ C;)
orbit. Hence, I-molecules are absent; all of the
remaining subgroups are possible to exist for the
soccerane series. This conclusion can be obtained more
conveniently by comparing the corresponding USCIs;
the USCI of the I(/ C) orbit is ss0, which is equl to that of
the In(/Cs) orbit. On the other hand, the absence of
Cs-, Ds-, Csi-, and I-molecules has been reported for
dodecahedrane derivatives having an Iy(/ Cs,) orbit.!®

3. Soccerane Derivatives with Achiral Substituents.
In the preceding section, we have qualitatively examined
the desymmetrizations of the soccerane skeleton (1) that
create derivatives of various subsymmetries. The next
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1h(/Cg)

l(IC])
ZTh(IC])
T.0c)

20, (1¢y)
2Dg(/C)

4Dy flC))
2D44(/Cs)
6Dz/C1)

Don{IG)
D,/1C2) 6D5(/Cy) 4cg (1)) 6Cs;(/Cy)
DoW(ICE) 4Cg//Cs)

10D4(/C;) 8Ca/Cy) 10GafiCy)
4C3\lICs)

/

12C5(/Cp)

15D,(C1) 13Co,1Cy) 14Gpiy)
20,UGs) 2CoH(ICs)
20 01C3)

28C5(/Q)) 30(2(/(:]) 30Ci(/cl)
4Cg(/Cs) / .
60C;(/Cy)
Fig. 3. Desymmetrization lattice for In(/ Cs).

issue is to calculate the number of such derivatives.
Since the 60 vertices of saccerane (3) construct an orbit
that is subject to Iy(/ C;), we use the USClIs listed in Table
3 as the corresponding subduced cycle indices (SCls).12

We consider H and X as substituents. This corresponds
to a figure inventory expressed by
sa=1+ xd. (7

This was introduced into the SCIs to provide the
following generating functions,

580 = (1 + x)% for C, ®)
820 = (1 + x2)% for C,, ©)
sis? = (1 + x)*(1 + x2)2 for C,, (10)
539 = (1 + x2)3° for C;, (11)
520 = (1 + x3)2 for Cs, (12)
55 = (1 + x4 for Dy, (13)
sysdd = (1 + x2)%(1 + x9B for Cy, (14)
sast = (1 + x2)2(1 + x4 for Can, (15)
2= (1 + x5 for Cs, (16)
59 = (1 + x9)10 for D, (17)
sis8 = (1 + x3)(1 + x6) for Ca, (18)
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§9 = (1 4 x9)10 for Cy, (19)
5358 = (1 + x#P(1 + x%) for Day, (20)
s = (1 + x19¢ for Ds, ¥}
stsfo= (1 + x5)4(1 + x'94 for Cs,, (22)
s&= (1 + x196 for Cs;, (23)
sp= (1 + x12) for T, (24
sesty= (1 + x6%(1 + x12)* for Dag, (25)
s = (1 + x194(1 + x20)2 for Dsq, (26)
s1284= (1 + x12)(1 + x24)2 for Ty, 27)
S0 = 1 + x6° for 1, (28)

and
se0 = 1 + x50 for I. (29)

After expanding these generating functions, the
resulting coefficients are collected to give a matrix, each
row of which consists of the coefficients of the term x™
(m=0t060). Since the coefficient of the term x™ is equal
to that of X0 we refer to them as being complementary.
In the following discussions, therefore, we take account
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of the term x™ (m<30) mainly. The next step is the
multiplication of matrix by the inverse of the mark
table.'®) For explaining this step, let us examine the
term x!'2 only. The corresponding row of the matrix is
equal to (1399358844975, 593775, 986895, 593775, 4845,
455, 767, 455, 0, 45, 717, 45, 19,0, 0,0, 5, 5, 0, 1, 0, 0).
When we multiply this row vector by the inverse (Table
2), we have a row vector (11661121142, 148014, 246200,
9781, 1170, 72, 374, 213, 0, 20, 36, 19,6,0,0,0,2,5,0, 1,
0, 0), which is listed in the x'?> (or x*%) row of Table 4.
These values are aligned in the order of the SSG of the I,
group. Thus, there emerge 11661121142 C;-, 148014
C»-, 246200 Cs-, 9781 Ci-, 1170 Cs-, 72 D,-, 374 Cy,-, 213
CZh‘, 20 D3-, 36 C3v-, 19 C3i-, 6 Dzh-, 2 T—, 5 D3d—, and one
Ty-isomers, all of which have the molecular formula
CsoH4sX12. The other rows of Table 4 are calculated in
a similar way. It should be emphasized that these
enumerations (Table 4) produce molecules having Cs, Ds,
and Cs; symmetries, whereas the dodecahedrane skeleton
cannot produce these symmetries.!'® The absence of I-
derivatives is verified by these enumerations.

Figure 4 depicts T molecules, the numbers of which are
calculated to be equal to 2 for the term x'? and 4 for the
term x?*. The first two molecules (31 and 32) cor-
respond to x!2. Note that we depict an arbitrary
representative selected from each pair of enantiomers.
The alternate labeling in each of the four 6-membered

Table 4. The Numbers of Derivatives from 1 with H and X

Term Numbers of derivatives in the order of SSG

1,x¢ 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

x,x*® 0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

x2, x% 8,6,6,0,0,0,2,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

x3, x57 270020,,,,,,2,,0,,,,,,,,0,0

x4, x56 3946, 98, 125,4,0,2,8,6,0,0,0,0,1,0,0,0,0,0,0,0,0,0

x5, x5 45310, 0, 404,0,0,0,0,0,2,0,0,0,0,0,2,0,0,0,0,0,0,0

x5, x4 415972, 990, 1352, 60, 0, 0,28,12,0,4,6,4,0,0,0,0,0,2,0,0,0,0

x7, x5 3216564, 0, 3654,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0

x8, x52 21313194, 6764, 10027, 432, 0, 16, 74, 48,0,0,0,0,3,0,0,0,0,0,0,0,0, 0

x%, x50 123180894, 0, 23733, 0, 276,0,0,0,0,0,18,0,0,0,0,0,0,0,0,0,0,0

x10, x50 628236648, 35488, 55870, 2330, 0, 0, 182,89,12,0,0,0,0,2,4,2,0,0,2,0,0,0

x!1, x4 2855775000, 0, 118755, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0

x12, x4 11661121142, 148014, 246200 9781, 1170, 72, 374, 213, 0, 20, 36, 19,6,0,0,0,2,5,0,1,0,0

x13, x4 43056957720, 0, 475020, 0, 0, 0, 0, 0 0,0,0,0,0,0,0,0,0,0,0,0,0,0

x4, x* 144548441676, 508404, 884780, 33748, 0, 0, 728, 364,0,0,0,0,0,0,0,0,0,0,0,0,0,0

x5, x%5 443283294954, 0, 1560698, 0, 3840, 0, 0 0,50,0,72,0,0,0,10,0,0,0,0,0,0,0

x16, x4 1246734362500, 1461938, 2645692, 97213, 0, 222, 1238, 666, 0,0, 0,0, 11,0,0,0,0,0, 0,0, 0, 0

xV7, x% 3226845176280, 0, 4292145, 0,0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0,

x18, x42 7708574462808, 3575230, 6682278, 237936, 9576, 0, 2002, 993, 0, 56, 112, 56, 0,0,0,0,0,8,0,0,0,0
x19, x*1  17040013308780, 0, 10015005, 0,0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0

x20, x%0  34932026335736, 7508306, 14414483 500008, 0, 492 2906, 1473, 110,0,0,0, 17,6, 14,6,0,0, 3,0, 0, 0
X2t x3  66537204356484, 0, 20029842, 0, 19296 0,0,0,0,0,168,0,0,0,0,0,0,0,0,0,0,0

x22, x3%  117952313908338, 13653822 26774930 909454, 0, 0, 4004, 2002, 0,0,0,0,0,0,0,0,0,0,0,0,0,0

x23, x37  194877752875260, 0, 34597290, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0

x24, x36  300436529264126, 21618198 43090979 1440284 31280 822, 5044, 2460, 0, 100, 212, 98, 21,0,0,0,4,10,0,2,0,0
x5, x35  432628623838072, 0, 51895915, 0, 0,0, 0,0, 188,0,0,0, 0,0, 20,0,0,0,0,0,0,0

x26 x3¢  582384674721528, 29935458, 60354210, 1994496, 0, 0, 6006, 3003, 0,0,0,0,0,0,0,0,0,0,0,0,0,0
x27) x33  733373318255628, 0, 67863663, 0, 41864, 0, 0,0, 0, 0, 252,0,0,0,0,0,0,0,0,0,0,0

x28 x32 864332823097128, 36349164, 73789608 2422115, 0, 060 6612, 3180, 0,0,0,0,25,0,0,0,0,0,0,0,0,0
x20, x31  953746586743696, 0, 77558760, 0, 0, 0, 0 0,0,0,0,0,0, 0 0,0,0,0,0,0,0,0

x30 985538119566784, 38774104, 78887120, 2583540, 45936 0, 6864, 3416, 212, 120, 260, 120, 0, 8, 20, 8,0, 12,4, 0,0, 0
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rings of 31 is given just in an inverse fashion as compared
-with that in the counterpart of 32. The remaining four
(33—36) have the common molecular formula
(CeoH36X24). The molecule (33) can be considered to
come from a superposition of 11 and 31, where heavy
lines are tentatively given to show the contribution of 11.
In a similar way, the molecule (34) stems from a
superposition of 11 and 32. The molecule (35) is created
by superposing 31 onto 32 so as to retain the T-symmetry.
This superposition can be understood by focusing. our
attention on the eight hexagonal faces. The molecule
(36) is generated by another mode of superposition of 31
and 32. In accord with the qualitative discussion in the
preceding section, each of these molecules has orbits that
are controlled by the subduction listed in Table 3.

Molecules of T, symmetry have been scarcely de-
monstrated by most textbooks of stereochemistry or of
chemical group theory. The present enumeration
provides us with suitable examples of such Ty molecules.
Thus, there emerge three Ty, molecules (one molecule (11)
for x!? and two for x?4). The remaining two are depicted
in Fig. 5. Comparisons of 35 (T) with 37 (Ts) and with
38 (Ty) afford their interrelation, if we pay attention to
the respective eight hexagonal faces.

Figure 6 collects Ds molecules appearing in this
enumeration. Among them, the two molecules (17 and
39) correspond to the term x© (CgoHs0X10) or the
complementary x°° (CsoH10X50); the six isomers (40—45)
are concerned with the term x?° (CgoHs0X20) or the
complementary x*° (CsoH20X40); and the 8 isomers (46—
53) agree with the term x3° (CeoH30X30). All these
molecules have a five-fold axis perpendicular to the page
as well as five two-fold axes all perpendicular to the five-
fold axis.

The total number of derivatives with each molecular
formula is calculated in the form of a generating
function.?) Here, we give some comments to the
previous results. According to Theorem 4 and Lemma
1 in our paper,!?) the number of isomers with Ws-weight
and G;-symmetry is represented by

Soccerane Derivatives of Given Symmetries

Fig. 5. Tw-Molecules derived from 1 with H and X.

Fig. 6. Ds-Molecules derived from 1 with H and X.

A =3 pyiti (for i=1,2,+, 5,7=1,2,,9) (30)
=1

where the symbol pg denotes the number of fixed
configurations and m; is the jith element of the inverse of
the mark table for G group. If we tantatively fix G-
symmetry, then we have

s
2 AaWe =32 2 pymiiWe
[6] [6] j=1
S
=21 2 pWe
Jj=1 [61
5

= 3 i ZI(Gy; 545)-

=1

(3D

The last equation is derived from the fact that the

summation (yepeWs) is a generating function of pg:.

This is in turn given by Lemma 1 of the paper'? to be
%pejWG = ZKGy; s3), (32)
]

where the right-hand side is a subduced cycle index (SCI)

and s};’k is replaced by

X
S = S wie( X))k, (33)
r=1

ik
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We here introduce a partial cycle index by means of the
following definition.

Definition 1. A partial cycle index for G; group is
defined as

PCI(G; si) = 7 ZIGy; s)(for =12+, 5. (34)
=1

When we introducte the PCI into Eq. 31, we have the
following theorem.

Theorem 1. The number of isomers with Wy-weight
and G-symmetry is obtained as a coefficient of the
equation,

SN AuWs = PCI(G; s,ﬁj‘f;)(for i=1,2,-,9), (35)
1]
where the right-hand side a partial cycle index (PCI) and
sl;'}?‘k is replaced by

(36)

X
sh, = DX
In order to count C,,-derivatives of soccerane, we have
the following PCI from the data of Tables 2 and 3 by
means of Eq. 34.
PCI(Cay, 53) = (1/2)sis — (1/2)sist. (37

In this equation, we find that the terms corresponding
to the C,,- and Dyy-rows are effective in the light of the
I(/ Cx)-column of Table 2. Introducing the figure
inventory (Eq. 7) in Eq. 37, we obtain the numbers of Cy,-
derivatives itemized with respect to molecular formulas.
They are identical to the values of the C,, subgroup listed
in Table 4. In asimilar way, we can obtain a PCl and a
generating function of calculating numbers of isomers for
every subgroups. Since Theorem 1 is a generating-
function version of Theorem 4 of the previous paper,'?
there appear no new matters beyond the previous
theorem. A similar generating function has been
obtained alternatively by Kerber and Thiirlings,??
though their formulation does not contain the concepts
of USCIs, SCI and PCI and take no account of
obligatory minimum valency.

By using the PCI, we introduce an alternative
definition of a cycle index (CI):

CI = 5 PCI(G;; sff). (38)
j=1
This is equivalent to our previous result,?) i. .,
CI=3> (2 mi ) ZI( G, sa’}]‘?;( . 39)

j=1i=1

The cycle index (CI) corresponding to the present case
is obtained by using the data of Table 3, i. e.,

CI(L; sa) = (1/120)s5° + (1/8)s¥ + (1/8)s4s¥ + (1/120)s°
+ (1/6)s3° + (1/5)s8 + (1/6)s5’ + (1/5)s15,
(40)
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where the coefficients of the term in the right-hand side
are adopted from the rightmost column of Table 2 or 3.
This derivation of the CI is based on such a theorem that
is different from Poélya’s one. However, these two
theorems have been proven to afford the same CI in
general.2)  If we introduce the figure inventory (Eq. 7)
into the cycle index (Eq. 40), we have the generating
function,

Z(x) = CI(Iy; 1 + x9)

= (x0+ x60) + (x! + x59) 4 23(x2 + x59)

+303(x* + x57) +4190(x* + x56)

+45718(x5 + x55) + 418470(x + x54)

+3220218(x7 + x53) + 21330558 (x + x52)

+123204921(x° + x51) + 628330629(x10 + x50)

+2855893755(x11 + x*9) + 11661527055(x12 + x*3)

+43057432740(x"3 + x*7) + 144549869700(x 4 + x*6)

+443284859624(x15 + x45) + 1246738569480(x16 + x*4)

+ 3226849468425(x17 + x*3) + 7708584971055(x18 + x*2)

+ 17040023323785(x"9 + x*1) + 34932048763560(x20 + x*0)

+ 66537224405790(x21 + x39)

+ 117952355252550(x22 + x38)

4 194877787472550(x23 + x37)

+300436595453640(x24 + x36)

+432628675734195(x25 + x35)

+582384767014701(x26 + x3¢)

+733373386161407(x?7 + x33)

+ 864332935668892(x2 + x37)

+953746664302456(x>* + x31) + 985538239868528 x30.
(41)

The coefficient of each term is identical with the value
that is calculated by the direct summation of the
corresponding row of Table 4.

It is worthwhile mentioning the difference between
Hosoya’s enumeration!? and the present one (Eq. 41).
Since Hosoya has used I group for obtaining a CI, both
enantiomers of a racemic pair are counted in as two
isomers. For example, he has reported that the
coefficient of the term x2 is equal to 37, while our result
(Eg. 41) contains 23x2. Note that our enumeration uses
I, group and counts each pair of enantiomers once.
Since our enumeration affords such values that are
itemized with respect to the terms as well as to the
subsymmetries, the Hosoya’s value can be calculated in
terms of the data listed in Table 4. Thus, the x2 row of
Table 4 affords the expression, 8X2+6X2+6+2+1=37,
where the values in the left-hand side are duplicated if
they are concerned with chiral subgroups. The value in
the right-hand side is equal to the Hosoya’s one.
Compare this with 8+6-+6+2+1=23 for our result, which
no such duplication is taken into account.

4. Conclusion. The 60 vertices of soccerane belong to
anIn(/ C;) orbit. Desymmetrization of this orbit by every
subgroup (Gj;) of I, is characterized by the subduced
representation  (In(/ C)!Gy). This representation is
reduced to the sum of the coset representations of the Gy
group. This subduction affords a unit subduced cycle
index (USCI), which is useful for enumeration of
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derivatives starting from the soccerane skeleton. The
enumeration indicates the versatility of the USCI
approach. Although the enumeration is restricted to
the soccerane skeleton (the Iy(/C) orbit), the USCI
method can be applied to any other skeletons of the I
symmetry (Table 1).
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